Abstract: Phonon dispersion curves, elastic constants. and the p V isotherms are calculated for solid Xe and Kr at 0 K using quasiharmonic lattice dynamics derived from multiparameter pair potentials. The computations account for the Axilrod-Teller-Muto three-body triple-dipole forces that arise in third-order perturbation theory. Approximate allowance is also made for anharmonic effects and, in the case of Xe, for three-body, third-order, dipole-quadrupole interactions and the three-body dipole interactions that arise in fourthorder perturbation theory. The over-all agreement with experimental phonon data is good except. in the case of xenon, for the lowestenergy phonons in the [ 1 101 direction. This has the consequence that the shear elastic constant (Cll -C,J / 2 and the zero temperature Debye theta are somewhat lower than current experimental values.
Introduction
Experimental and theoretical studies of rare gases in solid, liquid, and gaseous states have provided an important testing ground for experimental and theoretical methods in physics. By determining interatomic potential energy functions from a limited amount of experimental data and using them to make theoretical predictions of the results of other experiments, it has been possible to compare results obtained by different experimental techniques and at the same time to test theoretical and computational methods. This has led to a far-reaching synthesis in which the same potential energy functions correlate data as diverse as, for example, molecularbeam scattering measurements, spectroscopic observations of vibrational levels of rare-gas dimers, and inelastic neutron scattering measurements of phonon-dispersion relations for rare gas crystals. The particular purpose of this paper is to use potential energy functions determined from other data to predict phonon dispersion curves for solid krypton and xenon. These curves are then compared with recent accurate measurements.
In a recent paper Barker et al.
[ 11 have presented new pair potentials for the ground state of the inert gas dimers Kr, and Xe,. These interaction potentials were obtained by fitting an assumed analytic form to a wide variety of experimental gas phase data, including the dilute gas viscosity, second virial coefficients, vibrational level spacings of the dimers and differential collision cross sections, as well as the zero-temperature, zero-pressure lattice spacing in the solid. These pair potentials, and a new pair potential for xenon to be described in what
222
follows, have the following form: 
Here E is the well depth and r = RIR,, where R is the internuclear separation and R , is this distance at the minimum of the potential. Theoretical estimates were used for the long-range coefficients C2i+6. The potential parameters are given in Table 1 .
The fit to gas phase data followed closely the method of Barker and Pompe [2] , Bobetic and Barker [ 3 ] , and Bobetic et al. [ 4 ] . In addition, however. the lowest vibrational level spacing was used to constrain the curvature of the pair potential near the minimum, while the old high-energy molecular beam data were abandoned in favor of a better fit to the newer high-temperature viscosity data. The differential collision cross sections were then used to determine precisely the well depth and the outer wall of the potential by varying the parameters E, P , and Q.
The lattice parameter of the solid was used to fix R,. However, to do so it was necessary to allow for many- body forces in the solid. Following previous work it was assumed that the only many-body forces of importance were the long-ranged threr-body forces. The potential energy in the solid can then be written as
For krypton the Axilrod-Teller-Muto (ATM) tripledipole interaction was the only three-body interaction considered. The third-order dipole quadrupole and fourthorder dipole interactions discussed by Doran and Zucker [5] appear to cancel one another to within the uncertainty of the estimates in their contributions to the properties of solid krypton. In the case of xenon, this cancellation is not so close and the contributions of these interactions were included, using the estimates given by Doran and Zucker [ 5 ] . Actually later work by Bell and Zucker [6] indicates that the Doran-Zucker estimate of the fourth-order dipole contribution is an excellent approximation to the contribution of dipole interactions in fourth and all highpr orders of perturbation theory; thus we may regard our calculations as including these higher order contributions.
In the case of krypton we used the pair potential (K2; see Table 1 ) of Barker et al. [ 11, which gave very good agreement with all available experimental data. In the case of xenon, Barker et al. found that the potential X2 did not agree within experimental error with data on the vibrational levels of the xenon dimer, which became available too late to be incorporated into the main part of their work.
In a note added in proof they described another potential X3 ( within experimental error ( Table 2 ) . We have calculated p V data for this potential and find that the results are somewhat less satisfactory than for X2, as indicated in Fig. 1 . We therefore derived another potential X4 (Table 1 ) which also agreed essentially within experimental error with the spectroscopic data but which gave improved agreement with the experimental p V data, even better than X2. This is shown in Fig. I . Agreement was achieved by adding the term u3 of Eq. ( 1 ); at the same time we improved the fit of viscosities ( For the cohesive energy of crystalline xenon at 0 K, X4 gave -3773 cal/mole compared with the experimental [ 9 ] value -3786 f 22 cal/mole. By comparison, X2 gave -3754 cal/mole and X3 -3770 cal/mole. Thus X4 gives an excellent fit of available experimental data, and this potential is used in the calculations described in this paper.
Lattice dynamics of Xe at 0 K The basic theory of the lattice dynamics of the gas crystals in the presence of three-body forces has been given in earlier papers [3, 10-121. Here we carry out a quasiharmonic calculation of the phonon frequencies, wqh including explicitly in the dynamical matrix the third-order triple-dipole forces [ 31. Anharmonic effects were incorporated by an approximate frequency-shift method [lo] . This method was tested and found to be adequate [ 111 223 where p is the crystal density. The elastic constants calculated in this fashion include the usual two-body "lattice" contribution as well as the triple-dipole "lattice" contribution C i j ( D D D ) , but not the anharmonic contribution due to the vibrational (zero-point) energy, Cij (anhc). The latter are calculated from the strain dependence of the second and fourth moments of the phonon frequency spectrum using the method of Barron and Klein [ 131, and values are given in Table 4 . The contribution from higher order three-body forces to the elastic constants are estimated from the work of Doran and Zucker [5] If we make the Ansatz that the above relationships also hold for the other three-body interactions discussed above, then their contributions to the individual elastic constants are also determined by the calculations of Doran and Zucker. Values calculated in this fashion are given in Table 4 . It is seen there that these higher order three-body effects to some extent cancel the anharmonic contributions. Because of this, it is not worth while to include explicitly either the anharmonic effects or these 
The combined effect of these terms is never more than about one percent. Phonon dispersion curves calculated in this fashion are shown in Fig. 2 , where they are compared with recent experimental data [ 15, 161 measured at 10 K. Agreement is good everywhere except for the low frequencies of the lowest branch in the [ 1101 direction, for which the calculated values are lower than experiments. As a consequence of this the calculated value of (Cl, -C12) / 2 is lower than the value derived from the neutron data. We see in Table 2 that the theoretical value of the zero-temperature Debye theta is also lower than the experimental value [ 171. On the other hand the calculated and experimental values of C,, agree very well. Also the initial slope of the transverse branch in the [ 11 11 direction, which depends solely on these two shear constants, is well fitted by theory, as shown in Fig. 2 .
The calculated p V isotherm for solid Xe and 0 K is shown in Fig. 1 We summarize our findings. Our model for solid Xe predicts values of 8, and (Cll -C12) / 2 somewhat lower than experimental values. However the calculated transverse phonons in the [ 11 11 direction which at low q depend upon these same elastic constants agree well with experiment. The zero pressure bulk modulus which is the limiting slope of the p V isotherm is calculated to be greater than either the value derived from an analysis of neutron scattering data [ 15, 161 or that extrapolated from the p V data; yet the p V isotherm itself fits well. The zero-pressure bulk modulus does, however, agree rather better with another independent experimental value [ 191.
It seems to us unlikely that any changes in the pair potential or in the model for the many-body forces will remove all of these inconsistencies.
Lattice dynamics of Kr at 0 K
The phonon dispersion curves are calculated for Kr at 0 K using the same methods as outlined in the previous section, except that the higher order three-body forces other than ATM are ignored for reasons already discussed. Our results in Fig. 3 are compared with the experimental 10 K data of Skalyo et al. [20] . The overall [20] . Table 4 Elastic constants (in kbdr) for solid Xe at 0 K. Table 5 ; the agreement with experiment is better than for solid Xe. The pvisotherm agrees [ 11 with experiment about as well as for solid Xe, and again the experimentally extrapolated bulk modulus [ 181 appears to be a little low.
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Discussion
For solid Xe it is necessary to allow for higher order contributions to the three-body energy than the customary triple-dipole term ( D D D ) , that arises in third-order perturbation theory [ 5 , 6 ] . One must also include dipolequadrupole terms that arise in third order as well as the three-body fourth-order term (DDD),. Thus we have for Xe, but not for Kr, We stress that all these terms are three-body contributions. Doran and Zucker [5] have shown that for solid N e the last four terms are numerically small, while fortuitously for solid Ar and Kr they almost cancel. In solid Xe the over-all effect of these higher order terms is to reduce the effect of u ( D D D ) , slightly.
In this paper we have presented calculations of properties of solid Xe and Kr other than those that were used in fitting the pair potential. The calculations thus serve as a consistency check on our model for the forces in these solids.
